The relations among a special type of solutions in some (D+1)dimensional nonlinear equations J. Math. Phys. 30, 1614 (1989) Starting from a particular metric of the Kerr-Schild form, we find solutions to the Einstein equations coupled to a Weyl field, to an electromagnetic field, to a nonlinear (Bom-Infeld) electromagnetic field, to a Yang-Mills field, and to a cosmological constant. These solutions can be superposed to construct others with any combination of the sources considered.
I. INTRODUCTION
This paper is concerned with exact solutions, of the Kerr-Schild form, to the Einstein field equations with sources. Some ofthe solutions presented here have been previously known; however, our main purpose is to show that, in a certain sense, these solutions can be superposed. All the solutions given here are of type D and have four Killing vectors and a Killing-Yano tensor; they reduce in the case of vacuum to one of the Newman-Unti-Tamburino (NUT) metrics.
Another contribution of this paper is to show that the proposed metric can be considered as produced by a nonlinear electromagnetic field of the Bom-Infeld type. It may be remarked that there are quite few known exact solutions to the Einstein-Bom-Infeld equations and that, even in flat space-time, the solutions to the Bom-Infeld equations are rather scarce.
Most of this paper uses the null tetrad formalism as described in Ref. 1. In the discussion of the Weyl equation we also employ the spinorial formalism; a brief exposition of the necessary background is given here with the purpose of stating the notation and conventions to be used. For a review concerning the general properties of the Einstein-Weyl equations the reader is referred to the article by Kuchowicz.
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We also give a very concise exposition of the basic facts about the Born-Infeld nonlinear electrodynamics. A more general and detailed discussion on nonlinear electrodynamics in general relativity can be found in Alarcon Gutierrez et al. 3 and the references cited therein.
We shall consider space-times whose metric is of the Kerr-Schild form, that is, space-times whose metric can be written in the form g = 2 d~ d~ + 2 du dv + 2hk 2, (1.1) where u and v are real coordinates, ~is a complex coordinate, ~ denotes its complex conjugate, h is a real function, and k = kp dx'"' is null (t'Y kp ky = 0). Since k is also null with respect to the flat metric 11 = 2d~ d~ + 2 du dv, it can be expressed as -IOn leave of absence from the University of Warsaw, Warsaw, Poland.
where Y is a complex function. The tangent tetrad a Q' defined through eQ(a b ) = 8"", is then
given by
We will restrict ourselves to the case in which 
The nonvanishing components of the curvature are determined by In the cases considered below, it turns out that the components of the energy-momentum tensor of the matter fields are independent of h; therefore, h is determined by an ordinary linear differential equation. Furthermore, the field equations of the sources happen to be solvable without specifying h (v) , even though h appears in them. This fact, together with the linearity of the Ricci tensor on h, implies that by adding the h corresponding to each source we obtain a solution to the Einstein field equations coupled to any combination of that matter fields considered here (neglecting any interaction between the various matter fields). In the general case of the Kerr-Schild geometry, Giirses and Giirsey5 have shown that, in an appropriate coordinate system, the Einstein tensor takes a linear form in g,...v'
Under the present assumptions, independent of the explicit form of h (v), the metric has the four Killing vectors
Furthermore, the skew-symmetric tensor field lab whose only non vanishing independent components are 112 = -iv and.h4 = a is a Killing-Yano tensor 6 ; hence, Qab = 1aJ;, C is a Killing tensor.
II. INTEGRATION OF THE FIELD EQUATIONS
In this section we solve the equations. for the gravitational field coupled to various matter fields.
A. Elnsteln-Weyl equations
The Weyl equation for the (two-component) neutrino field is given by Then, the spinorial connection one-forms are given by
The gravitational field equations for interacting gravitational and matter fields are
where Tab is the energy-momentum tensor of the matter. In the case of the neutrino field 
In order to have T 44 = T42 = T22 = 0, as required by (2.3) and (1.8), we shall take 'PI = O. Then, from (2.5) it follows that 'P 2 = AZ, (2.6) where A is a complex function such that A,4 = A,2 = O. Computing the remaining components Tab. we find that when A is a complex constant Ao, the only non vanishing components are given by
(2.7)
Solving now for h, from the field equation RI2 = 81TT 34 we obtain
where m is a real constant.
Setting Ao = 0, the metric defined by (2.S) becomes a solution of the Einstein vacuum field equations which is one of the NUT solutions. In fact. the coordinate transformation
(2.9)
brings the metric derived above to the form given by Newman et al. 7 for their metric with p,0 = O.
The constant a is related to the NUT parameter; however, in the present case. by rescaling the coordinates u and v and the constants m and Ao, a can be reduced to one of the three values -1,0,1. When a = 0 but Aoi=O, the neutrino field becomes a ghost field [see Eq. (2.7)] and the metric is a vacuum solution. which is a limiting case of the Schwarzschild metric corresponding to infinite mass. 8 In this case there exists a homothetic Killing vector given by (2.10) and there is a singularity for the metric and the neutrino field
The solution (2.6), (2.8) was found by oiaz 9 while searching for solutions to the Einstein-Weyl equations of the Kerr-Schild form. The branch with a = 1 was obtained by Kolassis 10 who was searching for stationary axially symmetric solutions. In the form given by him, it is not clear how to make the neutrino field amplitude to vanish.
Due to the symmetry between the two principal null directions, one can expect to have an analogous solution with 1f/ 2 = O. Indeed, assuming 1f/ 2 = 0, from (2.5) it follows that If/I =A (ZZ/h )1/2, (2.11) where A is a complex function such that A,3 = A,I = 0, is a solution ofWeyl's equation. If we restrict the function A to be a complex constant Ao then the only nonvanishing components of the energy-momentum tensor are given by Eq. (2.7) and, therefore, the solution of the gravitational field equations is that given by (2.8).
B. Einstein-Maxwell equations
The energy-momentum tensor of the electromagnetic field is given by
where Fab = -F ba represents the electromagnetic field which must fulfill the Maxwell equations. In order to satisfy the gravitational field equations with Rab given in (1.8), FJ2 and F34 must be the only nonvanishing independent components of the Maxwell field. Then, the nonzero components of Tab are determined by (2.13) and the solution of Maxwell's equations is found to be where Co is a complex constant. is the Born-Infeld structural function, b is a positive real constant, and (2.20) are the invariants of P ab ; P is real and Q is pure imaginary. In the limit when hoo one recovers the linear theory. The energy-momentum tensor ofthe nonlinear electromagnetic field is given by 41TTab = (a;:)(PacPb e -Pgab )
Thus, in order to satisfy the gravitational field equations with the Ricci tensor given by (1.8), P I2 and P 34 must be the only nonzero independent components of P ab . Expressing these components in the form . sin¢ cos¢ 
Hence,
where Po is a real constant and 26) with ¢o = const. The fields Fab and P ab can be expressed in a simple and invariant way through the (complex) two-form Thus, there exists, locally, a potential one-form a such that (() = -da. When a#O, from (2.24) and (2.25) we find '" /2ia) 
e 3 ) (2.29)
while in the case where a = 0, we get
(2.30)
In the limit when h 00 the fields Fab and P ab are equal and they coincide with the solution to the Maxwell equations given in (2.14). Turning now to the integration of the gravitational field equations we find 
E. Einsteln-Yang-Mills equations
A Yang-Mills field can also be considered as a source for the Ricci tensor (1.8). In fact, taking SU(2) as the gauge group, assuming that the gauge fields depend on v only and theA ~ (i = 1,2,3) are the only nonvanishing components of the potential [cf., Eq. (2.29)], we find that the solution to the Einstein-Yang-Mills equations is found by multiplying the respective expressions for A 3 , F 12 , andF34 found in the Einstein-Maxwell case above by a constant element of the Lie algebra of the gauge group, while h is of the form (2.15). This solution to the Yang-Mills equations is rather trivial since, in a sense, the nonabelian features of the gauge field have been lost.
III. DISCUSSION
In all cases considered in Sec. II, after each matter field is suitably restricted so as to satisfy the gravitational field equations, the equations for the matter field can be integrated without knowing the explicit form of the function h. Thus, since the Ricci tensor depends linearly on h, by adding the h corresponding to each source one can get solutions to the Einstein field equations coupled, e.g., to several neutrino fields of the form (2.6) and/or (2.11), to an electromagnetic field, linear or nonlinear, to a Yang-Mills field and to a cosmological constant. The form of the matter field is unaltered by this superposition.
Except for the neutrino field (2.11), the solutions to the matter field equations obtained above do not involve the function h; hence, setting h = 0, those expressions are solutions to the corresponding equations in flat space-time, where an interpretation of the solutions can be more easily given. For example, making the identification,
, where x, y, z, tare Minkowskian coordinates, one finds that the neutrino field (2.6) corresponds to a "wave packet," whose thickness depends on a, extending in the x and y directions and which travels with the speed of light in the z direction. As in the case of a soliton, the shape of this wave does not change as it propagates. It may also be noticed that in the limit when a tends to zero, the second term in (2.8) has a Dirac's <5-behavior. 12 In the auxiliary Minkowski metric, the Killing vector K4 given in (1.11) corresponds to rotations around the z axis. Hence, if TI2 and T34 are the only nonvanishing independent components of the energy-momentum tensor, then, assuming h = 0, the density of the z component of the angular momentum of the matter field is given by ,fiatt (T34 -Td/(v 2 + a 2 ), which vanishes when a does. In the case of the electromagnetic field, linear or nonlinear, found in Sec. II, this density has the opposite sign to that of a.
For the Weyl field [(2.6)] this density is always non-negative.
The result obtained in the case of the Weyl field, namely that the expression (2. where l' = -u -ITv -Sdv/2h. Considering now Yand Y as two real (independent) coordinates and replacing l' by iO', with 0' real, (3.1) represents another type D metric whose principal null directions, being geodesic and shear-free, have vanishing complex expansion. Except for the neutrino fields (2.6) and (2.11), by performing this complex substitution in the expression found in Sec. II we obtain real solutions to the coupled field equations. [Some minor modifications are necessary, e.g., the sign of the last term in Eq. (2.15) must be changed. For a more detailed discussion on this point as well as more general solutions to the Einstein equations with nonlinear electromagnetic sources see Ref. 13.] The complex substitution given above amounts, essentially, to interchange the spinorial indices i and i, leaving invariant the undotted ones. In order to obtain another real field, after executing this process, the dotted components must be the complex conjugates of the undotted ones. Since only one of the components of the neutrino fields (2.6) and (2.11) does not vanish, this process can not lead to another real solution.
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